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Abstract 

"^ I The notions of A^ = 1 Neveu-Schwarz vertex operator superal- 

^^- gebra over a Grassmann algebra and with odd formal variables and 

fH , of A = 1 Neveu-Schwarz vertex operator superalgebra over a Grass- 

mann algebra and without odd formal variables are introduced, and 
we show that the respective categories of such objects are isomorphic. 
The weak supercommutativity and weak associativity properties for 
an A^ = 1 Neveu-Schwarz vertex operator superalgebra with odd for- 
^ ' mal variables are established, and we show that in the presence of the 

C""^ . other axioms, weak supercommutativity and weak associativity are 

^^ i equivalent to the Jacobi identity. In addition, we prove the supercom- 

C^ '_ mutativity and associativity properties for an A = 1 Neveu-Schwarz 

vertex operator superalgebra with odd formal variables and show that 
in the presence of the other axioms, supercommutativity and associa- 
"^ I tivity are equivalent to the Jacobi identity. 

1 Introduction 

K> , In this paper, we introduce the notion of A^ = 1 Neveu-Schwarz vertex opera- 

H I tor superalgebra over a Grassmann algebra and with odd formal variables and 

study the consequences of this notion. We also introduce the notion of A^ = 1 
Neveu-Schwarz vertex operator superalgebra over a Grassmann algebra and 
without odd formal variables and show that these two notions are equivalent 
in that the corresponding categories of such objects are isomorphic. Though 
many more or less equivalent notions of vertex operator superalgebra have 
been formulated (cf. 0! 0' IFFR|1 , [pL| , and ||KW|] ) , extending the notion 
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of vertex operator algebra ||Bo|| , |FEM], [FHT], none of these notions give 



the most natural setting for the corresponding supergeometry of A^ = 1 su- 
perconformal field theory (cf. |Fd|, [0). Some lack a representation of the 
full N = 1 Neveu-Schwarz algebra rather than just the Virasoro algebra and 
none are defined over a general Grassmann algebra. However, if one extends, 
for example, the notion of 'W = 1 NS-type SVGA" as given in |KW| to be 



a module over a general Grassmann algebra instead of just a vector space 
over C, then one does obtain an equivalent notion to ours. Since the notions 
of A^ = 1 Neveu-Schwarz vertex operator superalgebra over a Grassmann 
algebra and with and without odd formal variables are equivalent, one might 
very well ask why we should want to complicate matters by adding the odd 
formal variables. Below we give some motivation for including these odd 
components as well as motivation for working over a Grassmann algebra and 
requiring a representation of the A^ = 1 Neveu-Schwarz algebra. 



In |[Bal|| , we give a rigorous foundation to the correspondence between 
the geometric and algebraic aspects of genus- zero holomorphic A^ = 1 super- 
conformal field theory (cf. |[l''d]| ), following the work of Huang ||H.2|| , |[H1|| by, 
introducing the notion of A^ = 1 supergeometric vertex operator superalgebra 
and proving that the category of such objects is isomorphic to the category 
of A^ = 1 Neveu-Schwarz vertex operator superalgebras over a Grassmann 
algebra and with (or without) odd formal variables. The supergeometry of 
A^ = 1 superconformal field theory is defined over a Grassmann algebra (cf. 
0,0), which is why it is more natural to work over such an algebra rather 
than just C This supergeometry and the notion of A^ = 1 supergeometric 
vertex operator superalgebra involve the moduli space of A^ = 1 superspheres 
with tubes (corresponding to the interaction of incoming and outgoing su- 
perstrings) which naturally has even and odd variables in the underlying 
Grassmann algebra. 

Recall that in a vertex operator algebra, the Virasoro element -^(—1) is 

related to the differential operator ^ via the L(— l)-derivative property (see 

FHL|| ) . This correspondence can be thought of as a correspondence between 



the algebraic setting and the geometric setting of genus-zero holomorphic 
conformal field theory as developed in |H1] and |H2] following ||BPZ]| , 



|]V[, ||S|. In the geometry of conformal field theory, local coordinates are 
conformal in that they transform the differential operator ^ homogeneously 
of degree one for z a complex variable. In A^ = 1 superconformal field theory, 
the natural setting is A^ = 1 supergeometry, and local coordinates which 
transform a certain superdifferential operator D homogeneously of degree one 



where D satisfies D'^ = ^. Such an operator is given hy D = -^ + ^^ where 
z is an even variable over a Grassmann algebra and 6 is an odd variable over 
a Grassmann algebra (cf. |[l^'d|| , |[Bal|| , ||Ba2|| ). In addition, in [ [Bal|| , we show 



that the Lie superalgebra of infinitesimal local coordinate transformations for 
an A^ = 1 supersphere with tubes is isomorphic to the A^ = 1 Neveu-Schwarz 



algebra |[NS|] with central charge zero. 

Thus in considering what should be the corresponding super algebraic 
setting for A^ = 1 supergeometric vertex operator superalgebra, we naturally 
want to have a representation of the N = 1 Neveu-Schwarz algebra in which 
the element G(— |) has the supercommutator |[G(— |), (?(— i)] = -^(—1) 
(which corresponds to G'(— |)^ = L{~1) in the universal enveloping algebra 
of the Neveu-Schwarz algebra). Furthermore, this operator G(— |) should be 
related to the superdifferential operator D = §q + 0-^ consistent with the 
relationship between the L{—1) operator and ^. In our notion of A^ = 1 
Neveu-Schwarz vertex operator superalgebra over a Grassmann algebra and 
with odd formal variables, we have an A^ = 1 Neveu-Schwarz algebra element 
giving rise to a representation of the A^ = 1 Neveu-Schwarz algebra with 
a corresponding G(— |)-derivative property (property (^) in Definition |4.1| 
below) giving the explicit connection between the endomorphism G(— |) and 
the superderivation D. The L(— l)-derivative property then follows from this 
more fundamental property. 

Furthermore, the correlation functions of A^ = 1 superconformal field the- 
ory (cf. [ [i^'dl l) are superanalytic superfunctions in one even and one odd vari- 
able and, in the genus-zero holomorphic case, correspond to the correlation 
functions arising from an A^ = 1 Neveu-Schwarz vertex operator superalge- 
bra over a Grassmann algebra and with odd formal variables as studied in 
Section 9 of this paper, i.e., our inclusion of the odd formal variables gives 
the entire correlation function explicitly. 

Thus the fact that we are working over a general Grassmann algebra and 
the presence of a representation of the A^ = 1 Neveu-Schwarz algebra, the 
G'(— I ) -derivative property, and the odd formal variable component of the 
vertex operators in our definition of A^ = 1 Neveu-Schwarz vertex operator 
algebra over a Grassmann algebra and with odd formal variables give a more 
natural correspondence to the supergeometry of A^ = 1 superconformal field 
theory. 

For the remainder of this paper we will often use the term "vertex operator 
superalgebra" to mean 'W = 1 Neveu-Schwarz vertex operator superalgebra 
over a Grassmann algebra" unless otherwise noted. 



That the notions of vertex operator superalgebra with and without odd 
formal variables are equivalent is due to the fact that all of the information 
for the odd variable components of the vertex operators is contained in the 
representation of the Neveu-Schwarz algebra. In fact, given a vertex operator 
superalgebra without odd formal variables there is only one way to form the 
odd variable component in order to obtain a vertex operator superalgebra 
with odd formal variables and that is by employing the G'(— |) representative 
element (see consequence (|32|) of Definition [4.1| below). 

After introducing the notions of vertex operator superalgebra with and 
without odd formal variables and proving their equivalence, we formulate the 
properties of weak supercommutativity and weak associativity for a vertex 
operator superalgebra with odd formal variables. Following | pL|| , [Ll| and 
P!j2|| , we show that in the presence of the other axioms for a vertex operator 
superalgebra with odd formal variables, weak supercommutativity and weak 



associativity are equivalent to the Jacobi identity. Then following ||FLM|| and 
FHL , we look at expansions of rational superfunctions and formulate the 



properties of rationahty of products and iterates, supercommutativity and 
associativity for a vertex operator superalgebra with odd formal variables. 
Finally, following ||FHL|| , we show that in the presence of the other axioms, 
rationality of products and iterates, supercommutativity and associativity 
are equivalent to the Jacobi identity. These properties are used in the proof 
that the category of A^ = 1 supergeometric vertex operator superalgebras is 
isomorphic to the category of vertex operator superalgebras with odd formal 
variables given in Pal|| and announced in ||Ba2|| . 

The results in this paper follow the theory of vertex operator algebras 
as developed in ||Bo|| , ||FEM|, ||1^'HL|| , [ pL|| and [ [C2| and are contained in the 
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2 Grassmann algebras and the A^ = 1 Neveu- 
Schwarz algebra 

Let Z2 denote the integers modulo two. For a Z2-graded vector space V = 
V^ Q)V^, define the sign function r] on the homogeneous subspaces of V by 
ri{v) = i ioT V E V\ i = 0,1. If 77(f) = 0, we say that v is even, and if 
ri{v) = 1, we say that v is odd. (Note that with this definition, the sign 
function is double-valued at zero. However, in practice this is never an issue, 
as can be seen in the definitions below.) 

A superalgebra is an (associative) algebra A (with identity 1 G A), such 
that 

(i) A is a Z2-graded algebra 

(ii) ah = (—l)^^"''>^^^'>ba for a, b homogeneous in A. 

The exterior algebra over a vector space U, denoted /\{U), has the struc- 
ture of a superalgebra. Fix Ul to be an L-dimensional vector space over C 
for L G N such that Ul C Ul+i. We denote I\{Ul) by /\^ and call this the 
Grassmann algebra on L generators. Note that /\i^ C Al+1' ^"^^ taking the 
direct limit as L ^ 00, we have the infinite Grassmann algebra denoted by 
Aoo- ^^ ^^^ ^^^ notation /\^ to denote a Grassmann algebra, finite or infi- 
nite. Since this paper is motivated by the geometry of A^ = 1 superconformal 
field theory in which one considers superanalytic structures, for the purposes 
of this paper we have defined /\^ over C However, we could just as well have 
formulated the results that follow for Grassmann algebras over any field of 
characteristic zero. 

A Z2-graded vector space g is said to be a Lie superalgebra if it has a 
bilinear operation [-, ■] such that for u,v homogeneous in q, 

ii) [U, V] G 0(^(«)+'?(^))in°d 2 

iii) [u,v] = -{-l)'^^'^'''^^'"''[v,u\ (skew-symmetry) 

(m) (-!)"(")''("') [[M,t;],w] + (-1)''(^)''(")[[t;,w;],m] 

+ [-lYi^)^i^)[[w,u],v] = 0. (Jacobi identity) 

The Virasoro algebra is the Lie algebra with central charge d, basis con- 
sisting of the central element d and L„, for n G Z, and commutation relations 

[Lm, Ln] = [m- n)Lm+n + T^("^^ ~ m)6m+n,o d, (1) 



for m,n G Z. The A^ = 1 Neveu-Schwarz Lie superalgebra is a super- 
extension of the Virasoro algebra by the odd elements G^_^^l, for n E Z. 
That is, the A^ = 1 Neveu-Schwarz algebra has a basis consisting of the 
central element d, Ln and G„+i , for n E 1^, with supercommutation relations 



2 ■ 



^m+i' -^ri 



■rvn 2- 



^m+ii "-5 



7T, — i \ 
^ ^JG^+n+l (2) 

2Lm+n + -(m^ + m)5„+„,o c? (3) 



in addition to 



3 Delta functions with odd formal variables 

Let Xi and X2 be formal variables which commute with each other and with 
/\^. We call such a variable an even formal variable. Let ipi and ip2 be 
formal variables which commute with xi, X2 and /\^ and anticommute with 
each other and /\^. We call such variables odd formal variables. Note that 
the square of any odd formal variable is zero. Thus for any formal Laurent 
series f{x) G A^ffl^'^""*^]]' "^^ '^^^ define 

f{x + ipi^2) = f{x)+^l^2f'{x) e /\,[[x,X-%ipi][ip2]. (4) 

In order to formulate the notion of vertex operator superalgebra with odd 
formal variables, we would like to use the formal 6-function at x = 1 given 
by 

which is a fundamental ingredient in the formal calculus underlying the the- 
ory of vertex operator algebras. However, we will want to extend the S- 
function to be defined for certain expressions involving both even and odd 
formal variables using (^). 

Let X, Xq, Xi, and X2 be even formal variables. Following the treatment 



of formal calculus for even formal variables given in ||FHL|| , we have 



f{x)5{x) = f{l)5{x) for f{x) G C[x,x-^]. (5) 

Let V be a vector space over C. For X(xi,X2) G (End V^)[[xi,x5'"'^,X2,a;^"'^]] 
such that 

lim X(a;i,a;2) exists, i.e., X(xi,X2)|zi=z2 exists 



(that is, when X(xi, X2) is apphed to any element of V, setting the variables 
equal leads to only finite sums in V), we have 

X{X„X2)S(^) = X{X2,X2)6(^). (6) 

\X2 ' ^2^2 ' 

Let N denote the natural numbers. For the three- variable generating function 






ml n \ n n-m m 

Xn / '' — ' X'A '■ — ' ^™' 

^ neZ 'J neZ.mGN 



we have 



and 



.,.,(-±-)^.,V(£l^) (7) 

where we use the convention that any expression such as (xi — X2)"' for n G Z, 
is understood to be expanded in positive powers of X2- We will continue to 
use this convention throughout the rest of this work. 

Notice that in the spirit of the ^-function multiplication principle (^, 
the expressions on both sides of (|^) and the three terms occurring in (|]) all 
correspond to the same formal substitution 

Xo = Xi - X2. 

Let (y9, (yji, and i{>2 be odd formal variables. Extending the above results, 
we see that for any f{x,(p) G /\^[x,x~^,ip], the following is an immediate 
consequences of (|^): 

/(x,^)5(x) = /(l,^)5(x). 

Let l^ be a /\^-module. liX{xi,(pi,X2,(p2) e {EB.dV)[[xi,x^^,X2,X2^]][(pi,(p2] 
such that 

lim X(xi,v?i,X2,V52) exists, i.e., X{xi,ipi,X2,(p2)\xi=x2 exists, 
then we have the following immediate consequence of (|): 

X{xi,ipi,X2,<f2)S\^ — j = X{x2,(pi,X2,(p2)Sy — j. (9) 



We have the following (5-function of expressions involving three even vari- 
ables and two odd variables 



Xq 



^nxi -X2)" -nipiip2{xi -X2)"~Mxo 

fXi~X2\ -l.;fXl-X2\ 



where 

dx 



5'(x) = -^5(x) = J]ra"-\ 



and we use the convention that a function of even and odd variables should be 
expanded about the even variables. Conceptually, however, we can also think 
Qf ^ / xi-x2-tpiip2 \ g^g ]3ging a function in four even variables where ipiip2 is 

considered as another even formal variable X3 with the property that x^ = 0. 
Taking ^ of both sides of (0), we obtain the following identity: 

.,V(^)^-.,V(-^). (10, 

Taking -^ of both sides of (H), we obtain: 

Thus from (0), §), (^) and ([11]), we have 

xr^^(^^ + ^^+^^^^) = X2-^^f^'^^~^^^^) (12) 

and 

Xo-^^("^'"^-^^^^) - Xo-5(^^^^i^^i^) = (13) 

X. 



-.<: 



^^2 

a;2 



Notice that in the spirit of the (5- function multiphcation principle (j^), the 
expressions on both sides of ([T^ ) and the three terms occurring in (|13D all 
correspond to the same formal substitution 

Xo = Xi - X2 - V5lV52- 

And thus, not surprisingly, for 

X{xo,(po,Xi,(pi,X2,(p2) e (End V)[[xo, X^'^ , Xi, X];'^ , X2, X2^]][ipi, ip2], 

a formal substitution corresponding to xq = xi — X2 — (pi^P2 can be made as 
long as the resulting expression is well defined, e.g., if 

X{xi,ipi,X2,ip2) e (EndV)[[xi,x];^]]{{x2))[(pi,(p2], 
then 

fX2 + Xo + <^l<^2\y. 

d [^ jX{xi, v?i, a:2, ^2) = (14) 



.fX2+Xo+^Plip2\ , . 

'{ jX{X2 +Xo + ipi(f2,^l,X2,'f2)- 



'X2 +Xo + y)iV92^ 
X\ 

The substitution x^ = X\ — X2 — '-P\^2 can be thought of as the even 
part of a superconformal shift of (a;i,v9i) by {x2^'^2)- Formally, a power 
series /(xi,(y9i) G A*[[^i]][v^i] i^ superconformal in X\ and ^>\ if and only 
if / satisfies Dx = (pD(p for f{xi,Lpi) = {x,(p) and D = -^ — \- V^igf- (see 



Pal|| ). (For a superanalytic function / in one even variable and one odd 
variable this condition is equivalent to requiring that / transform the super- 
differential operator D homogeneously of degree one.) Thus f{xi,ipi) = 
(xi — X2 — ^i^2i ^i — ^2) is formally superconformal in xi and yji since 

Dx = (^ + V'i^)(^i-^2-^i^2) 

= -ip2 + V^l 

d d 



(fDip. 



4 The notion of vertex operator superalgebra 
over /\^ and with odd formal variables 

Definition 4.1 A (N = 1 Neveu-Schwarz) vertex operator superalgebra over 
/\^ and with odd variables is a |Z-graded (by weight) /\^-module wliicli is 
also Z2-graded (by sign) 

^ = II ^(n) = II V(°) © II \/(L) = V'(BV' (15) 

neiz ne^I. ne^I, 

sucli tliat 

dimV(„) < oo for n E -Z, (16) 

V(„) = for n sufficiently small, (17) 

equipped with a linear map V ^V — > V[[x,x~^]][(p], or equivalently, 

V — > {EndV)[[x,x-%ip] 

V ^ Y{v,{x,ip)) =^VnX''''^ + ip^V^_ 



ix-""-^ 



where w„ G (End \/)''(^) and t;„_i G (End •l/)(^'(^)+i) ^od 2 f^^ ^ ^f j^^^^^, 
geneous sign in V, x is an even formal variable, and (/? is an odd formal 
variable, and where Y{v, {x,ip)) denotes the vertex operator associated with 
V, and equipped also with two distinguished homogeneous vectors 1 G VP^-. 
(the vacuum) and r G VA. (the Neveu-Schwarz element). The following 
conditions are assumed for u.,v eV: 

UnV = for n G |Z sufficiently large; (18) 

F(l, {x, ip)) = 1 (1 on the right being the identity operator); (19) 

the creation property holds: 

F(f , (x, v?))l G V^[[a;]][v9] and lim Y{v, {x,ip))l = v; 

the Jacobi identity holds: 
Xq d[ )Y{u,{xi,ipi))Y{v,{x2,'P2)) 

\ Xo / 

10 



V -xo / 

for u, V of homogeneous sign in V; the Neveu-Schwarz algebra relations hold: 
[L{m),L{n)] = (m - n)L(m + n) + —(m^ - m)(5m+„,o (rank V), 



G{m+-),L{n) 



{m )G{m + n -\ — ), 



111 1 

G{m+ -),G{n- -) = 2L(m + n) + -(m^ + m)(5„+„,o(rank V), 

for m,n E Tj, where 



G{n+ -) =r„+i, 



and 2L(n) = t„_|_i for n E Z, 



I.e., 



Y{T,{x,^)) = J2Gin + l] 
and rank V E C: 



X 2 2 



2v^5^^( 



n)x 



-n-2 



nG2 



ne2 



(20) 



L(0)f = nt> for n E -Z and f G V(„); (21) 

(^ + ^^) ^(^' (^' ^)) = ^(G'(-^)^, (^, V^))- (22) 

The vertex operator superalgebra just defined is denoted by 

{V,Y{;{x,^)),1,t) 

or for simplicity by V. 

For such a vertex operator algebra V over /\^ for A* ~ Ao ~ *^' ^^^ 
Z2-grading is given by 



nel, 



v'= U Viny 



n&Z+i 



11 



Extending V^ to a vertex operator superalgebra over a general /\^ by /\^ ^V 
changes the Zg-grading via (A, ^V')" = A! ®^° + /\l ®^^ and (A, ^V')^ = 

Since Al C Aoo ^°^ -^ G N, any vertex operator superalgebra V over Al 
can be extended to a vertex operator superalgebra over Aoo tiy, for instance, 
defining the action of Aoo "^ Al ^^ ^ ^^ t)e trivial, or by taking the Aoo" 
module induced by the AL'^^^ule V. 

Extending the proofs for the analogous properties in the non-super case 
from [ PHL|| , we have the following consequences of the definition of vertex 



operator superalgebra with odd formal variables. 

L(n)l = 0, and G{n + -)1 = 0, for n > -1; (23) 

Gi-l)l = r- (24) 

L(0)r = ^r; (25) 

Y{v,{x,ip))l = e"^(-i)+^^(-^)?; 

= gxL(-i)^ ^ ^Q^_^yLi-i)^. (26) 



there exists u = ^G{ — ^)t E V(2) such that 



ngZ neZ 

wt ti^ = wt i; — n — 1, (28) 

for n G |Z and for f G V^ of homogeneous weight. 

Applying the G(—|) -derivative property ( p2D twice, we obtain the L(— 1)- 
derivative property 

^Y{v, (x, y.)) = YiLi-l)v, (x, y.)). (29) 

Using the other properties, we see that the A^ = 1 Neveu-Schwarz algebra 
supercommutation relations are equivalent to: 

Y{t, {x, ip))r = -(rank V)lx-^ + 2ujx-^ + (^(Srx"^ + 2L(-l)rx"^) + y (30) 
o 



where y G V[[x] 

12 



Taking Res^^Q of the Jacobi identity and using the 5-function identity 
we obtain the following supercommutator formula where Kes^g of a power 
series in xq is the coefficient of Xq^. 

[Y{u,{xuVi)),Y{v,{x2,^2))]= (31) 

ReS^gX2^6(— ^-^)Y{Y{u,{Xo,ipi - (p2))v,{x2,<f2))■ 
\ X2 ^ 

From the G'(— |)-derivative property ( ^2]) and the supercommutator formula 
pT|), we have 

Y{v, {x, ^)) = J2 ^"^"""' + ¥>J2l^i-b,Vn]x-''-\ (32) 



nG/ n£A 



i.e., w„_i = [G{-^),Vn]. 

Taking ReSi.oRes2.^ of the Jacobi identity, we find that for u,v E V 

[u_i,Y{v, {x, <^))] = Y{u_iv, {x, if)) (33) 

and in particular, 

[u-i,Vn] = {u_iv)n for u G |Z, (34) 

and 

[u_i,v_i] = iu_iv)_i; (35) 

thus the operators u_i form a Lie superalgebra. 

From Taylor's Theorem for formal calculus (cf. |[FHL|| ) and the L(— 1)- 
and G'(— |)-derivative properties (^9|) and (H)' ^^ have 

F(e"o^(-^)t;,(x,(^)) = e^°^Y{v,{x,ip)) (36) 

= Yiv,{xo + x,ip)) (37) 

Y{e'Po^'^-^'>v,{x,<f)) = e'^°(^+'^^)F(t;, (x,(/?)) (38) 

= Y{v,{x + (fo(f,(fo + (f)), (39) 

and thus 

y^gXoL(-i)+^oG(-i)^^^^^^)) = e"°^+^°(^+'^^)r(t;, (x,v?)) (40) 

= Y{v,{xo + x + ipo(f,(fo + (f)). (41) 

13 



Taking Res^;^ of the supercoinmutator formula (^Tj) with -u = r or with 
u = oj = |G'( — |)r, we have 

L{-l\Y{v,{x,^))\ = Y{Li-l)v,ix,^)) (42) 



1. 



2' 



1 



Gi--),Yiv,ix,ip)) = YiGi--)v,ix,ip))~2ifYiLi-l)v,{x,cp)) (43) 



2 



L{0),Y{v,{x,^))\ = Y{L{0)v,{x,^)) + ^Y{G{-^)v,{x,v)) (44) 



1, 



xY{L{-l)v,{x,^)) 
,1 



Gi-),Y{v,{x,ip))\ = Y{G{-)v,{x,^)) -2^Y{L{0)v,{x,^)) (45) 

+ xY{G{-^)v, {x, ^)) - 2x^Y{L{-l)v, (x, <^)) 

'l{1),Y{v,{x,^))\ = Y{L{l)v,{x,^)) + vY{G{^)v,{x,^) (46) 

+ 2xY{L{0)v, (x, ^)) + x^Y{Gi-^)v, (x, y.)) 
+ x'Y{L{-l)v,{x,^)). 
Making repeated use of properties (0) - (|43|), we have 

gXoL(-i)y(^^(^^^))g-xoL(-i) ^ r(e"»^('^)t;,(x,(^)) (47) 

= r(t;,(x + a;o,<^)) (48) 

e^°^(-5)y(t;,(x,(^))e-^o^(-5) = r(e^°^(-5)-2w.^i(-i)^^(a,^<^)) (49) 

= Y{v,{x + (p(po,(p + ipo)), (50) 

and thus 

gXoL(-l)+</PoG(-|)y/^ /^ \Ng-xoL(-l)-(/3oG(-f) ^ 

= F(e^«^("^)+^»^(-5)-2vovL{-i)^^^3,^y,)) (51) 
= Y{v,{x + Xo + (f(fo,ip + ipo)). (52) 

From the creation property and (|40|), we have 

gxL(-i)+^G(-i)^ = y(t;,(x,¥p))l. (53) 

Note that the right-hand side of the Jacobi identity is invariant under 

(u, V, Xo, Xi, X2, ipi, ^2) < ^ ((_l)'?(«)^Wy^ u, -Xo, X2, Xi, V?2, V^l)- 

14 



Thus the left-hand side of the Jacobi identity must be symmetric with respect 
to this also. Then using (|53|), we have the following skew-supersymmetry 
property: for u,v oi homogeneous sign in V 

e"^(-^)+^^(-^)F(t;, (-X, -^))m = (-l)^(")''(")F(M,(x,y^))t;. (54) 

Let (Vi, Fi(-, (x, v?)), li, Ti) and (V2, Y2{-, (x, if)), I2, T2) be two vertex op- 
erator superalgebras over /\^. A homomorphism of vertex operator superalge- 
bras with odd formal variables is a doubly graded /\^-module homomorphism 
-f-.Vi — >V2 (i.e., 7 : (\/i)J„) — > (\/2)J„) for n G |Z, and i G Z2) such that 

7(Yi(u, (a;,v3))t^) = 1^2(7(«),(a;,V5))7(^) for u,veVi, 
7(li) = I2, and j{ti) = T2. 

Remark 4.2 In A^ = 1 superconformal field theory there is an inherent 
choice of square root being made in the choice of superderivation D sat- 
isfying D^ = -^ and correspondingly in the choice of Neveu-Schwarz al- 
gebra representative element G( — |) satisfying (?(— |)^ = L(— 1). In each 
case, if D satisfies D^ = ^, then so does —D, and if G( — |) satisfies 
(?(— |)^ = L(— 1), then so does — G'(— |). The transformation D ^^ —D 
actually corresponds to the transformation ip ^->- — (/?, and algebraically to 
the transformation (?(— |) ^^ — G( — |). This symmetry gives an isomor- 
phism of vertex operator superalgebras with odd formal variables given by 
(V, Y{; (x, if), 1, r) ^ {V, F(-, (x, -if), 1, -r). 

5 Vertex operator superalgebras over /\^ and 
without odd formal variables 

Definition 5.1 A (N = 1 Neveu-Schwarz) vertex operator superalgebra over 
/\^ and without odd variables is a |Z-graded (by weight) /\^-module which 
is also Z2-graded (by sign) 

y= II ^(n)= II ^(n)© II V(i) = y°©W 
neiZ ngiZ nG^Z 

such that 

dimV(„) < 00 for n E -Z, 
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V(„) = for n sufficiently small, 
equipped with a linear map V ^V — > V[[x,x^^]], or equivalently, 



V — > {EndV)[[x,x-'^]] 



Y{v,x) = J2 



VnX-''^' 



n£2 



where Vn € (End V)^^""^ for v of homogeneous sign in V, x is an even for- 
mal variable, and Y{v,x) denotes the vertex operator associated with v, and 
equipped also with two distinguished homogeneous vectors 1 G V/qn (the vac- 
uum) and r G V.\. (the Neveu-Schwarz element). The following conditions 
are assumed ior u,v E V: 

UnV = for n G Z sufficiently large; 

Y{l,x) = 1 (1 on the right being the identity operator); 
the creation property holds: 

y(f ,a;)l G y[[a;]] and lim.Y{v,x)l = v; 
the Jacobi identity holds: 

^o^H— -)y{u,xi)Y{v,X2) 

\ Xq / 

-(-l)v(n)v{v)^~lsf -^2+X, ^ 
\ Xo J 

= X2^6(— -)Y{Y{u,Xo)v,X2), 

\ X2 J 

for -u, V of homogeneous sign in V\ the Neveu-Schwarz algebra relations hold: 

[L(m),L(n)] = (m - n)L(m + n) + -— (m^ - m)(5m+„,o(rank V), 

1 "I n— I 1 

G{rn+ -),L{n)\^ = (m —)G{m + n+ -), 



1. „, L 



2^' ^ 2' 



1 



G{m+ -),G{n- -) = 2L{m + n) + -{m + m)(5„+„,o(rank V) 



3 
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for m,n & 7j, where 



and rank V e C; 


for neZ, i.e., F (r, x) = y" G{n + -)x-"-^-i 

n&Z 


L{0)v 


= nv for n G -Z and v G V(„); 



^Y{v,x) = Y{L{-l)v,x). (55) 

The vertex operator superalgebra just defined is denoted by 

{V,Yi;x),l,T). 
Some consequences of the definition are 

[L{-l),Y{v,x)] = Y{L{-l)v,x); (56) 

[G{-^),Y{v,x)] = Y{G{-^)v,x); (57) 

L{n)l = 0, and G{n + -)1 = 0, for n > -1. (58) 

Note that our definition of vertex operator superalgebra over /\^ (without 
formal variables) is an obvious extension of the usual notion of vertex oper- 
ator algebra Po|| , [ [FLM|| , [ [FHL|| and vertex operator superalgebra (cf. ||T| , 



FFK|| , [ pL|| , and |[KW|| ). For instance, any of the examples of 'W = 1 



NS-type SVGAs" can be extended in the obvious way to be a /\^-module 
instead of just a vector space over C, thus giving an A^ = 1 Neveu-Schwarz 
vertex operator over /\^ as defined above. As we shall see in the next section, 
the categories of A^ = 1 Neveu-Schwarz vertex operator superalgebras over 
/\^ with and without odd formal variables, respectively, are isomorphic. This 
isomorphism can be used to give examples of A^ = 1 Neveu-Schwarz vertex 
operator algebras over /\^ with odd formal variables from the examples of 
A^ = 1 NS-type SVGAs. 

Let (Vi, Yi(-, x), li, Ti) and (y2,Y2{-,x),l2,T2) be two vertex operator 
superalgebras over /\^. A homomorphism of vertex operator superalgebras 
without odd formal variables is a doubly graded /\^-module homomorphism 
7 : Vi — ^ V2 such that 

'j(Yi{u,x)v) = Y2{'y{u),x)'j{v) for u,veVi, 

7(li) = I2, and 7(ri) = T2. 
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6 The isomorphism between the category of 
vertex operator superalgebras with odd for- 
mal variables and the category of vertex 
operator superalgebras without odd formal 
variables 

Proposition 6.1 Let {V,Y{-, {x,ip)), l,r) be a vertex operator superalgebra 
with odd formal variables. Then (V, F(-, (x, 0)), 1, r) is a vertex operator 
superalgebra without odd formal variables. 

Proof: It is trivial that {V,Y{-,{x,0)),1,t) satisfies all the axioms 
for a vertex operator superalgebra without odd formal variables except for 
the L(— l)-derivative property (|55|). But this follows as a consequence of the 
definition of a vertex operator superalgebra with odd formal variables (^). □ 

Let (y, Y{-, x), 1, r) be a vertex operator superalgebra without odd formal 
variables. Define 

Yiv, (x, y.)) = Yiv, x) + ^YiGi-^)v, x). 

Proposition 6.2 (V", F (-, (x, </))), 1, r) is a vertex operator superalgebra with 
odd formal variables. 

Proof: Axioms (|16D, (0), (|18|), and (|l]) are obvious. Axiom (|19D holds 
since by consequence (|58| ) of the definition of (V, F(-, x), 1, r), we have 

y (1, {x.if)) = F(l, x) + v^F(G(-^)l, x) = r (1, x) + ipY{Q, X) = 1. 
The creation property holds since by the creation property for (V, y (-, x), 1, r) 

Y{v, (x, (^))1 = Y{v, x)l + ipY{G{--)v, x)le V[[x 



and 



lim y(f , (x, (/9))1 = lim Y{v,x)l+ lim ipY{G{ — )f,x)l 
= limy(f , x)l = V. 
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To prove the Jacobi identity for (y,Y{-, {x,ip)), 1,t), we use the Jacobi 
identity for {V,Y{-,x),1,t) and the L(— 1)- and G(— |)-bracket properties 
for (V, y(-, x), 1, r) given by (H) and (0). 

Xq 6[ ]Y{u,{xi,ipi})Y{v,{x2,(p2)) 

\ Xo / 

V -Xq J 

_(_l).M.(.),-i^( ^^-^_i + V^iV^^ ) (r (., ..) + ^2Y{G{-l)v, X2)) 

(y{u,x,) + ^iY{Gi-^)u,x,)') 
= Xq^6(— -)y{u,xi)Y{v,X2) 

\ Xo / 

V -Xq ) 

^ ^-^^{^1ZJ^\^Y^G{-\)u,x^)Y{v,X2) 

\ Xq / / 

_^_iyiuHv)^-isf^l^Il)Y{v,X2)^iY{G{-hu,x^) 

V — Xq / / 

+ ^-^s(^^^^)Y{u,x^)^2Y{G{-hv,X2) 

\ Xq / Z 

_^_iyiu)viv)^-isf^^l^Il\^^YiGi-hv,X2)Y{u,x,) 
+ ^-^sf^l^Il\^^Y^G{~l)u,x,)v2YiG{-hv,X2) 

\ Xq / Z Z 

-(-l)v(n)viv)^^iS^^^l£^^^^YiGi-\)v,X2W^YiGi-l)u,x^) 

-ipiip2XQ^6'(— -)Y{u,Xi)Y{v,X2) 

\ Xq J 

+ y,,y,,(-ly(-)v(^)x^'6'(^^^^)Y{v,X2)Y{u,x^) 

\ -Xq J 

= Xo'^Si )Y(Y(u,Xo)v,X2) 

\ Xo / 



X2 
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+ ^,x,'5(^^^^)Y{G{-l)u,x^)Y{v,X2) 
V Xq / z 

^^^(^_iyiuUv)+viv)^^isf^l^^\Y{v,X2)Y{G{-l-)u,x,) 

V — Xq / z 

+ ^,(-iy(-)x,'5[^^^)Y{u,x^)Y{G{-^)v,X2) 

+ ^,M-ir^''^^'^o's{^^^^)Y{G{-^)u,x,)Y{G{-^)v,x,) 



- ^\^2-^ [x^^by-^ ^j j Y{u,xx)Y{v,X2) 



' dx\ \ \ xq 

+ v.iv^2(-l)''("^''(^)^ (^0^'K^Z^)) >^(^,^2)rKa:i) 



9x1 \ V — a;o 

a;7^5 ( ) YiYiu, xq)v, X2) 

V X2 / 

+ ^x-^^^^y^ ^jF(F(G'(--)M,xo)t;,X2) 

V a;2 / 2 2 

V — Xq / 



V —Xn / OTi 



-xq / dxi 

3^2 



2^2 ^(^(^^ ^) \Y{Y{u,Xq)v,X2) +ipiY{Y{G{--)u,XQ)v,X2) 



+ ^^^^iy{u)Y(Y{u,XQ)G{-]^)v,X2) 



20 



+ ^,^,[-lf^-)+^Y{Y{G{-]^)u, x,)G{-]^)v, X,) 



d 



+ V'iV'2 ( Xq''6 



-1 s-/ ^1 ~ ^0 
Xo 



X2 



Y{Y{u,xo)v,X2, 



-2 r / -^1 — -^2 



Xq 



Y{L{-l)u,xi)Y{v,X2) 



.{^^lY{u)v{v)^-2^ 



X2 — Xx 



Y{v,X2)Y{L{-\)u,xx) 



X2^^\^ ^j \Y{yiu,XQ)v,X2) ^^]Y{Y[G{-^U,Xq)v,X2) 

+ (^2 ((-1)''(")F(FK a;o)G'(-i)t;, X2) + F ( [ci"^), V (m, xq)] t;, 0:2) 



-F(r(G'(-^Ka;oKx2)) 



+ ^1^2 ((-l)^(«)+^r (F (G(-i)«, xo)G(-i)t;, ^2) 



F(F(M,a;o)t^,a;2) 



Y{Y{L{-\)u,x^)v,X2, 



—2 s-/ /"^l "^0 

- V5iv?2a;2 c* 

V X2 

X2^?>\-^ ^- ^-^j \Y{Y{u,xti)v,X2) + v9iF(F(G'(--)M,a;o)t^,a;2) 

+ LP2Y{G{--)Y{u,Xq)V,X2) - ip2y{y{G{-^U,XQ)v,X2) 

+ 7^17^2 ((-l)^(«)+^r (F (G(-i)«, xo)G(-l)t;, X2) 



+ r([G(-i),r(G(-^Kxo)]t;,X2)) 



:r2-^5(^^^|-^i^) {y {y{u, Xo)v + ^,Y{G{-^)u, Xo)v 

1 \ 1 

- >^2Y{G{--)u,xo)v,X2\ + ip2Y{G{--)Y{u,xo)v,X2) 

+ ^,^,Y{Gi-^)Y{Gi-^)u,x,)v,X2) 
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X2 d\^ j\Y\Y[u,[xQ,ipi-ip2))v,X2 

+ if2y{G{--)Y{u, (Xo, ^1 - ^2))V, X2) 

X2 y[y[u, (Xo, V^l - V52))f , [X2, V52)) 

V X2 / 



which gives the Jacobi identity for (V, F(-, (x, </))), 1, r). 
For the Neveu-Schwarz element r, we have 



F(r,(x,<^)) = F(r,x) + <^y(G'(--)r,x) 



F(r,x) + y.[G(-i),r(r,x)] 



5^G(n + -)x~"-2 + y.5^ G(--),G(n + - 



neZ 



7ie2 



^G(n+l)x— 2 + ^^2L( 



n X 



-n-2 



nez 



X 



-n-2 



which gives (^Ol) . Finally, using the L(—l) -derivative property for (V, y (-, x), 1, r) 
we have 



d^ + ^l)^'*"-*^-"') 



/ 3 3 N/ „, L 



V9^F(t;,x) + r(G(-^Kx) 

r(G'(-iKx) + v^r(L(-iKx) 

Y{G{-\)v,x) + vY{G{-\fv,x) 
F(G(-^K(x,y.)) 



which gives the G(— |)-derivative property (P^. Thus (V,F(-, (x, </?)), 1, r) 
is a vertex operator superalgebra with odd formal variables. D 



Let SV((y9, c, *) denote the category of vertex operator superalgebras over 
/\^ with odd formal variables and with central charge, i.e., rank, c G C, 
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and let SV(c, *) denote the category of vertex operator superalgebras over 
/\^ without odd formal variables and with central charge, i.e., rank, c G C 
Let Isv^ and Isv be the identity functors on the categories SV(99, c, *) and 
SV(c, *), respectively. 

Theorem 6.3 For any c G C, the two categories SY{ip,c,*) and SV(c, *) 
are isomorphic. That is there exist two functors Fq : SV((y9, c, *) — > SV(c, *) 
and F^p : SV(c, *) — > SY{ip, c, *) such that FqoF^ = Isv o.'i^d F^oFq = lsv<p- 

Proof: We first define Fq by 

Fo{V,Y{;{x,^)),l,T) = {V,Y{;{x,0)),l,r), and ^0(7) = 7- 

Proposition ^]1] shows that Fq takes objects in SV(v9, c, *) to objects in 
SV(c, *). It is clear that Fq takes morphisms in SV((^, c, *) to morphisms in 
SV(c, *) and that Fq is a functor. 
We next define F^ by 

F^iV,Yi;x),l,r) = iV,Y{;{x,^)),l,T), and ^^(7) = 7 

where Y{v, (x, (p)) = Y{v, x) + {pY{G{—-^)v, x). Proposition |6]^ shows that 
F^p takes objects in SV(c, *) to objects in SV((y9, c, *). Let 

be a homomorphism of vertex operator superalgebras without odd formal 
variables. Then 7(ri) = T2. Denoting (ri)o = Gi{—^) and {t2)q = G2(— |), 
we have 7(Gi(-i)M) = G2(-|)7(m). Thus 

-f{Yi{u,{x,(p))v) = -f{Yi{u,x)v + ipYi{Gi{--)u,x)v) 

= -f{Yi{u,x)v) + ip-f{Yi{Gi{--)u,x)v) 

= Y2{'y{u),x)-f{v) + (^Fi(7(Gi(--)m), x)-f{v) 

= Y2{-f{u),x)-f{v) + ipYi{G2{--h{u),x)-f{v) 

= Y2{-f{u),{x,ip))-f{v) 

which shows that F^{'-f) = 7 is a homomorphism of vertex operator super- 
algebras with odd formal variables, i.e., F^p takes morphisms in SV(c, *) to 
morphisms in SV(y9, c, *). It is clear that F<^ is a functor. 
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The fact that Fq o F^ = Isv and F^o Fq = Isv^ on morphisms is triviaL 
The fact that Fq o F^ = Isv on objects is given by 

Yiv, (x, ^)) = Yiv, (x, 0)) + ^Y{G{-^)v, (x, 0)), 
and the fact that F^, o Fq = l^y on objects is given by 



Y{v, x) = Y{v, x) + ^r (G(--)f , x) 



93=0 

D 



7 Weak supercommutativity and weak asso- 
ciativity for vertex operator superalgebras 
with odd formal variables 

In this section we show that the properties which we call "weak" supercom- 
mutativity and "weak" associativity for vertex operator superalgebras with- 



out odd formal variables, as formulated and studied for instance in [DL , LI 



and |[L2||, have the expected analogues when we add the odd formal variables. 



We refer to these properties as "weak" supercommutativity and "weak" as- 
sociativity because in Section 9, we will prove slightly stronger statements 
about the nature of certain rational functions associated with products and 
iterates of vertex operators. We also note that we could prove Propositions 
[f?T| , [r2| and |7^ by using weak commutativity, weak associativity and their 
equivalence with the Jacobi identity, respectively, for a vertex operator su- 



peralgebra without odd formal variables and then by using Theorem |673 . 
However, we choose to prove these properties directly using the definition of 
vertex operator superalgebra with odd formal variables. 

In this section we are following and extending the corresponding results 
and arguments of ||L1|| and |E2 



Let Z+ denote the positive integers. 

Proposition 7.1 (weak supercommutativity) Let {V,Y{-,{x,ip)),l,T) 
be a vertex operator algebra with odd formal variables and u,v & V with 
homogeneous sign. Then there exists k G Z+ such that 

(Xi -X2- (fi(f2fY{u, (Xi, (fi))Y{v, {X2, ^2)) = 
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Furthermore this weak supercommutativity follows from the truncation con- 
dition ^JB) and the Jacobi identity. 



Proof: Let m G Z_|_. Taking Res^^x'^^ of the Jacobi identity, we have 

(Xi -X2- V51V52)'" [Y{U, (Xi, V?l)), Y{V, (X2, V52))] = 
= (Xi - X2 - V51V52)" (Y{u, (Xi, V2l))'K(f , (X2, V?2)) 

= Res^oX2 dl ]xQY{Y{u,Xo,ipi-(f2))v,{x2,^2)) 

\ X2 / 

^ _l./a;2+Xo + <^l<^2\ m^/^./ XX / XX 

= I^^^Ka^) ^r'^(^))^(K+- + (^i-^2)^„+™_iK(x2,¥^2)) 

riGN • V 2 1 / 

neN \ ^ -L / 

>"((Mn+m-l + ('/'I - (/?2)Mn+m-f)^, (a;2,</'2))- 

Let /c G Z+ be such that uiv = for all / G |Z+, / > A; — |. Setting m = k, 
we obtain weak supercommutativity. D 

Proposition 7.2 (weak associativity) Let {V,Y{-,{x,ip)),l,T) be a ver- 
tex operator algebra with odd formal variables andu,v G V with homogeneous 
sign. Then there exists k G Z+ such that for any w & V 

(Xo + X2 + (piip2)''Y(Y{u, (Xo, V^l - ^2)V, (X2, ip2))w = 

(Xo + X2 + (fi(f2)''Y{u, (Xo + X2 + V5lV52, ^l))Y{v, (X2, V52))w 

Furthermore this weak associativity follows from the truncation condition 
(j7^ and the Jacobi identity. 

Proof: Taking ReSaj^ of the Jacobi identity, we obtain the following 
iterate 

Y{Y{u, (xo, (pi - (P2)v, (X2, (P2)) = 
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\ Xi / 

Res^^X2^6(— ^-^)y{Y{u, (xo,v?i - ip2)v,{x2,(p2)) 

\ X2 y 

Res^;! Ixq^6\^— ^-^jY{u,{xi,(fi))Y{v,{x2,f2)) 

V -xo J 

Res^,.! (xj;^(5f-^^ ^ ^—^yY{u,{xi,^x))Y{v,[x2,^2)) 



_^ (Xx-Xq-^X^2\\^, I .. 

-^2 ^\ )\y\U,[Xx,'^l)) 

Y{U, {Xo + X2 + (P1(P2, (pi))Y{v, {X2, ip2)) 

_(_l)'7(«M-)y(^^ (3^2, cp,)) (Yiu, (xo + X2 + <^i<^2, ^1)) 



-Y{u, {X2 +Xo + ipiip2, v^i)) j . 



For any w E V,\et k E Z+ be such that x'^Y^u, (x, v^))^' involves only positive 
powers of x. Then 



(Xo +X2 + (P1(P2T ( '^(^5 {Xq + X2 + V51V22, V^l)) 

- Y{u, (x2 + Xo + V51V22, V^i))) w^ = 
and weak associativity follows. D 



Proposition 7.3 In the presence of the other axioms in the definition of 
vertex operator superalgebra with odd formal variables, the Jacobi identity is 
equivalent to weak supercommutativity and weak associativity. 



Proof: Propositions |7.1| and |7.2| show that in the presence of the other 
axioms for a vertex operator superalgebra with odd formal variables, the 
Jacobi identity implies weak supercommutativity and weak associativity. 
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Assume weak super commutativity and weak associativity hold. Choose 
k G Z+ such that UmV = UmW = for all m G |Z+, m > k. Then 



44 (xo's{^^^^^^^^^^^)Y{u,{xi,ip,))Y{v,{x2,^2))w (59) 



-Xo 

Xq d[ )a;i(xi -X2 - V5iV^2) 

V Xo / 



F(m, (Xi, ipi))Y{v, (X2, V52))w 
-X2-Xi + (^l(^2\^fc^^ ^ ^_, Xfc 

-Xo 

F(f , (X2, (p2))Y{u, (xi, V5i))w 



V — Xn / 



y(M, (xi, V5i))F(t;, (x2, V52))wj . 

By weak supercommutativity, xj^(xi— X2— V5iV52)^^(w, (xi, ipi))Y{v, (x2, ¥^2))'?^' 
involves only nonnegative powers of xi, and UmW = for m > k. Thus in 
this case, we can replace xi by X2 + xq + ipiip2 or xq + X2 + v^iV52- Therefore 
([59| ) is equal to 



3^2 (^(^ ^-^-j (a;o(a;o + X2 + ¥?i¥?2) 



X2 

Y{U, (Xq + X2 + V51V52, ipi))Y{v, (X2, V52))W 
_;L /Xi -Xo - V5lV52\ / fc/ , , Nfc 

2^2 ^(^ ^-^- j (a;o(a;o + ^2 + ipi(p2r 

Y{Y{u, (xo, v^i - V^2))t^, (a;2, V52))w 
x^^6{^— ^^ j {^Xqx'IY{Y{u, (xo, v^i - 952))^^, {X2, V2))wj 

X0X1X2 d[ \Y{Y{U, (Xq, V^i - ip2))V,{X2,^2))W 

V X2 / 



which implies the Jacobi identity. D 
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8 Expansions of rational superfunctions 

In order to formulate the notions of associativity and superconimutativity, 
we will need to interpret correlation functions of vertex operators with odd 
formal variables as expansions of certain rational superfunctions. In this 
section we follow and extend the treatment of rational functions as presented 
in FFTLj . 

Let T{U) = lJneN^"(^) ^e the tensor algebra over the vector space U, 
where T'^iU) is the n-fold tensor product of U , and let J be the ideal of T{U) 
generated by the elements a®h + h®aioTa,hE U . Then l\{U) = T{U)/ J . 
(It is understood that T^{U) = C.) Let ttb be the projection from T{U) onto 
T^{U). Then tt^ is well defined on /\{U) and is called the projection onto 
the body of /\{U) (cf. ^, | [Bal[| ). For a G /\^, denote 713(0,) = clb- 



Let /\^[xi, X2, ..., Xn]s be the ring of rational functions obtained by invert- 
ing (localizing with respect to) the set 

n 

S = V^atXi : ai G /\l, not all (aj)^ = o|. 
1=1 

Recall the map tji...i2 : ¥[xi, ...,Xn\s — ^ IF[[xi, x^f"*^, ...,a;„, x"""^]] defined in 
| FLM|| where coefficients of elements in S are restricted to the field F. We ex- 



tend this map to /\^[xi, X2, ..., Xn\s[<^i, V2, •••, <^n\ = AJ^^l, V?l, X2, ^2, ■■■,Xn, (Pn]s 
in the obvious way obtaining 

Let /\^[xi,ipi,X2,(p2, ■■■,Xn,^Pn]s' be the ring of rational functions obtained 
by inverting the set 

n 

S' = y^ittiXi + aij(pi(pj) : ai,aij G A^ not all (0^)5 = o|. 

i<j 

Since we use the convention that a function of even and odd variables should 
be expanded about the even variables, we have 

En 
ij = l Oijifiifj 



i<j 
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Thus 

A*kl, V^l, X2, V52, •••, Xn, ^n]s' ^ l\J\Xi, (^1, Xg, ip2, •••, 3;^, V^Js, 

and ti,...i2 is well defined on /\Jxi, v?i, X2, V52, •••,a;„, 99^5/. 
In the case n = 2, 

^12 : AJ^i' Vi,a;2,^2]5' — ^ AJ[a;i,a;2]][v5i,<^2] 

is given by first expanding an element of l\J[Xi,ipi,X2,^2\s' as a formal 
series in /\J\Xi,ipi,X2,'f2\s and then expanding each term as a series in 
A*[[a^i,a^2]][v5i, "^2] containing at most finitely many negative powers of X2 
(using binomial expansions for negative powers of linear polynomials involv- 
ing both xi and X2). 

9 Duality for vertex operator superalgebras 



In Pal|| , we formulate the notion of A^ = 1 supergeometric vertex operator 



superalgebra and show that any such object defines a A^ = 1 Neveu-Schwarz 
vertex operator superalgebra with odd formal variables. To show that the 
alleged vertex operator superalgebra satisfies the Jacobi identity, we need 
the notions of associativity and supercommutativity for a vertex operator 
superalgebra with odd formal variables. Together, these notions of associa- 
tivity and (super) commutativity are known as "duality", a term which arose 
from physics. Throughout this section we follow and extend the treatment 
of duality as presented in [[b'HLII . 

Let (y, y(-, (x, (y?)), 1, r) be a vertex operator algebra with odd formal 
variables. Let V/n be the dual module of V(„) for n G |Z, i.e.,V/-) = 
Hom/\,(\/,AJ. Let 

^' = II y^n) 

be the graded dual space of V, 

V= II K(n) = V* 

the algebraic completion of V, and (■, ■) the natural pairing between V and 
V. We now formulate the weak supercommutativity and weak associativ- 
ity properties of a vertex operator superalgebra with odd formal variables 
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into slightly stronger statements about "matrix coefficients" of products and 
iterates of vertex operators with odd formal variables. 

Proposition 9.1 (a) (rationality of products) For u,v,w G V, with u, 
and V of homogeneous sign, and v' G V , the formal series 

{v', Y{u, (xi, (pi))Y{v, (xa, (P2))w), 

which involves only finitely many negative powers of X2 and only finitely many 
positive powers of Xi, lies in the image of the map L12: 

{v', Y{U, (Xi, ipi))Y{v, (X2, 'f2))w) = il2f{Xl, v^i, X2, v^a), 

where the (uniquely determined) element f G /\^[xi,ipi,X2,f2]s' is of the 
form 

f/ . g{xi,^i,X2,^2) 

x^x|(a;i -X2 -^i^2r 
for some g G /\^[xi, fi, X2, (P2] and r,s,t E Z. 
(b) (supercommutativity) We also have 

{V', Yiv, (X2, ^2))Yiu, (Xi, ^,))W) = (-I)''(^)''(^)^2l/(X1, y^l, X2, y.2), 

i.e, 

'^12 {'"'^ ^(^' (3^1, Vi))Y{v, (x2, ^2))^) = 

(-l)vH^i-)c^l{v\Yiv,ix2,ip2))Yiu,ixu^i))w). 



Proof: Part (a) follows from the positive energy axiom (|T^ and trun- 
cation condition (0) for a vertex operator superalgebra. For part (b), we 
note that by weak supercommutativity, there exists k G Z_(_ such that 

(Xi - X2 - ipiip2)'' {v' , Y{u, (xi, (^i))Y{v, (X2, ^2))w) = (60) 

(_1)'7H'7M (a;^ _^^_ ^,^,)'^{v', Yiv, (X2, ^2Wiu, (xi, ^,))w) 

for all w G V^ and v' G V. From (a), we know the left-hand side of ( |60| ) in- 
volves only finitely many negative powers of X2 and only finitely many positive 
powers of Xi- However, the right-hand side of (^Dj) involves only finitely many 
negative powers of Xi and only finitely many positive powers of X2. Thus mul- 
tiplying both sides of ( pDD by (xi — X2 — (pi(p2)~'' results in well-defined power 
series as long as on the left-hand side we expand (xi — X2 — ^^1^52)"'^ in positive 
powers of X2 and on the right-hand side we expand (xi — X2 — <pi<P2)~^ in 
positive powers of Xi. The result follows. D 
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Proposition 9.2 (a) (rationality of iterates) Foru,v,w G V, and v' G 
V , the formal series {v',Y(Y{u, {xo,ipi — ^2))^, {x2,'^2))'w) , which involves 
only finitely many negative powers of xq and only finitely many positive pow- 
ers of X2, lies in the image of the map L20: 

{v', Y{Y{U, (Xo, ^1 - ^2))V, (X2, ^2))w) = L2oh{Xo, ifi - ip2, X2, ^2), 

where the (uniquely determined) element h G /\^[xo, <fi, X2, f2]s' is of the 
form 

,, . k{Xo,ipi-ip2,X2,<~P2) 

h{Xo, (pi - V72, X2, (P2) = ^ ^ TT 

xlx^{Xo + X2 -(Pl(p2r 

for some k G A*[^0) V'l) ^2, V2] and r,s,t E Z. 

(b) The formal series {v',Y{u, {xQ+X2+^i^2,Vi)Wi.''^i {.X2,^2))w), which 
involves only finitely many negative powers of X2 and only finitely many pos- 
itive powers of Xq, lies in the image of lq2, and in fact 

(f ', Y{U, {Xq + X2 + (P1(P2, ipi))Y{v, {X2, '■P2))w) = i02h{Xo, ipi - ip2, X2, (^2)- 



Proof: Part (a) follows from the positive energy axiom (|T^ and trun- 
cation condition (|1^) for a vertex operator superalgebra. For part (b), we 
note that from weak associativity, there exists k G Z_(. such that 

{Xq+X2+>P1>P2Y{v\ Y{Y{u, (Xo, ^Pl-ip2))v, (X2, <P2))w) = (61) 

(Xo + X2 + ipiif2f{v', Y{U, (Xo + X2 + V2lV52, Vl))Y{v, (X2, ^2))w) 

for all v' G V . From (a), we know the left-hand side of (|6lD involves only 
finitely many negative powers of xq and only finitely many positive powers of 
X2. However, the right-hand side of (|6lD involves only finitely many negative 
powers of X2 and only finitely many positive powers of Xq. Thus multiplying 
both sides of (|60D by (xq + X2 + ^i'P2)~^ results in a well-defined power series 
as long as on the left-hand side we expand (xq + X2 + v^iV52)~*^ in positive 
powers of xq and on the right-hand side we expand (xq + X2 + 921922)"'^ in- 
positive powers of X2. The result follows. D 

Proposition 9.3 (associativity) We have the following equality of rational 
functions: 

h2W, Y{U, (Xi, (pi))Y{v, (X2, (P2))w) = 

{ho W^ Y{y{.u, (xo, Vi - V2))v, (X2, V52))w)) 



X0=Xl—X2—'P\'P2 
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Proof: Let f{xi, V9i,x2, ^2) be the rational function in Proposition §7L. 
Then / satisfies 



''02/(a;o + X2 + v?iV52, V^i, a;2, ^2) = {I'ufixi, ipi, X2, V22)) L,= 



--X0+X2+(fil(fi2 ' 



Thus for h{xo,(pi — (p2,X2,(p2) from Proposition [9^ , we have h{xo,^i — 
ip2, X2, ^^2) = f{xo + X2 + ^pi^P2, V^i, 3^2, '^2)- The resuh follows from Proposi- 
tions O and O. D 



Note that rationality of products and iterates and supercommutativity 
and associativity imply weak supercommutativity and weak associativity. 
Thus by Proposition Ol, we have: 



Proposition 9.4 In the presence of the other axioms in the definition of ver- 
tex operator superalgebra with odd variables, the Jacobi identity follows from 
the rationality of products and iterates and supercommutativity and associa- 
tivity. In particular, the Jacobi identity may be replaced by these properties. 



This can also be proved by using the delta-function identity (|T3|) and the 
substitution rule (p^if ). 
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